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PURPOSE: 
is  t r a n s m i t t e d  through t h e  e a r t h ’ s  ionosphere from a communication s a t e l l i t e .  
RELATED TO: RAND’S c o n t i n u i n g  s t u d y  o f  communication s a t e i i i t e  technology f o r  M S A .  
The r e s u l t s  of  t h i s  s t u d y  can be  used i n  des igning  s a t e l l i t e  systems which employ t i m e -  
d i v i s i o n  m u l t i p l e x i n g  o r  o t h e r  t ypes  o f  pulsed t r a n s m i s s i o n .  
To p r o v i d e  a procedure  f o r  computing t h e  d i s t o r t i o n  of  a pulsed  s i g n a l  as i t  
I 
THE PROBLEM: S e v e r a l  of  t h e  systems proposed f o r  m u l t i p l e  a c c e s s  t o  communication sa t -  
e l l i t e s  by e a r t h  s t a t i o n s  u s e  forms o f  pu l se  code modula t ion .  
t o  de t e rmine  i f  a g iven  s i g n a l  i s  p r e s e n t  a t  a g iven  frequency a t  a s p e c i f i e d  t i m e .  
However, t h e  s i g n a l  must p a s s  through t h e  ionosphere,  where t h e  n o n l i n e a r  v a r i a t i o n  of 
t h e  r e f r a c t i v e  index  w i t h  f requency  causes  a d i s p e r s i o n ,  modifying t h e  waveshape and 
s p r e a d i n g  o u t  t h e  p u l s e  i n  t i m e .  Thus t h e  sys t em may be  conf ron ted  wi th  the  presence  
of  s i g n a l s  i n  s e v e r a l  f requency  channels  a t  a s p e c i f i e d  t i m e .  These e f f e c t s  l i m i t  t h e  
communication c a p a b i l i t y  of  t h e  sys tem and may de te rmine  t h e  maximum p e r m i s s i b l e  band- 
wid th  o r  s h o r t e s t  p e r m i s s i b l e  p u l s e  l e n g t h .  Analyses have been made of t h e  e f f e c t s  of 
d i s p e r s i o n  on t h e  t r a n s m i s s i o n  of p u l s e d  s i g n a l s ,  b u t  s o  f a r  none has  been s a t i s f a c t o r y .  
The e x a c t  s o l u t i o n s  of  t h e  wave equa t ions  i n  terms of  Bessel’s f u n c t i o n s  converge too 
s lowly  t o  b e  s u i t a b l e  f o r  numer ica l  c a l c u l a t i o n s .  The approximate s o l u t i o n s  u s i n g  t h e  
q u a d r a t i c  phase  d i s t o r t i o n  method b reak  down when the  d e v i a t i o n  is comparable t o  t h e  
sys tem bandwidth,  which i s  j u s t  t h e  cond i t ion  of i n t e r e s t .  
THE PROCEDURE: A t heo ry  o f  p ropaga t ion  i n  a g e n e r a l i z e d  ionosphe re  i s  p r e s e n t e d ,  as- 
suming t h a t  the carrier f requency  is s u f f i c i e n t l y  above t h e  c u t o f f  f requency s o  t h e  
can  b e  n e g l e c t e d ,  and t h a t  on ly  h o r i z o n t a l  p o l a r i z a t i o n  need b e  cons ide red .  A new pro-  
c e d u r e  i s  g i v e n  which d e r i v e s  t h e  “equiva len t  s l a b  t h i c k n e s s ”  t o  r e p r e s e n t  t h e  atmo- 
s p h e r i c  e l e c t r o n  d e n s i t y  from an approximate s o l u t i o n  of t h e  wave equa t ion  i n s t e a d  o f  
from a n  approximat ion  t o  t h e  e q u a t i o n  i t s e l f .  The e q u i v a l e n t  s l a b  parameters  are de- 
te rmined  from t h e  i n t e g r a l s  o f  t h e  e l e c t r o n  d e n s i t y  and i t s  s q u a r e ;  however, q u a n t i t i e s  
a c t u a l l y  measured are t h e  maximum e l e c t r o n  d e n s i t y  (measured by ionosondes)  and t h e  
t o t a l  e l e c t r o n  c o n t e n t  (measured by a Faraday r o t a t i o n  t echn ique ) .  A f t e r  a rev iew of  
t h e  d a t a ,  t h e  expe r imen ta l  v a l u e s  are in t roduced  i n t o  the  c a l c u l a t i o n  t o  d e r i v e  a new 
approx ima t ion  t h a t  makes u s e  of  t h e  well-known method of s t a t i o n a r y  phase.  I n  o r d e r  
f r equency ,  i t  is necessa ry  t o  u s e  a t r ans fo rma t ion  of v a r i a b l e s  t h a t  is e q u i v a l e n t  t o  
e x p r e s s i n g  the f requency  as a f u n c t i o n  of phase,  i n s t e a d  of  v i c e  versa. R e s u l t s  are 
compared w i t h  t h e  c lass ical  theo ry  of Ginzburg and shown t o  b e  a n o n t r i v i a l  e x t e n s i o n  
of  t h e  t h e o r y .  
For many, i t  i s  necessa ry  
I r a y  p a t h s  are s t r a i g h t  l i n e s ,  t h a t  e f f e c t s  of t h e  e a r t h ’ s  c u r v a t u r e  and magnet ic  f i e l d s  
I 
I t o  avo id  t h e  same convergence d i f f i c u l t i e s  a s  a r i se  i n  expans ion  about  t h e  carrier I 
PRINCIPAL FINDINGS: The s h o r t e s t  accep tab le  p u l s e  wid th  f o r  a pulsed  communication 
sys t em between e a r t h  and a s a t e l l i t e  is equal  t o  r ise t i m e  and i s  p r o p o r t i o n a l  t o  t h e  
t o t a l  e l e c t r o n  c o n t e n t  a l o n g  t h e  propagat ion pa th  and i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  
th ree -ha lves  power of t h e  f requency .  A t  5 GHz c a r r i e r  f requency ,  t h e  t y p i c a l  r ange  
of  s h o r t e s t  p u l s e  wid th  is 1 t o  6 nanoseconds,  p e r m i t t i n g  very  h igh  d a t a  rates.  The 
o v e r a l l  d i sp l acemen t  of  t h e  p u l s e s  might r e q u i r e  a d e l a y  compensator t o  be  b u i l t  i n t o  
each  c h a n n e l  of  a mul t i channe l  p u l s e  code modulation s y s t e m .  S ince  t h e  d i f f e r e n t i a l  
-’-lay between channe l s  is  p r o p o r t i o n a l  t o  the  e l e c t r o n  d e n s i t y  a long  t h e  p a t h ,  i t  may 
v a r y  by a f a c t o r  of  10  t o  20 d u r i n g  t h e  day, and a v a r i a b l e  d e l a y  compensator may b e  
i kquired* 
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PREFACE 
T h i s  s t u d y ,  under taken  a s  p a r t  of RAND'S c o n t i n u i n g  s tudy  o f  
Communications S a t e l l i t e  Technology f o r  t h e  N a t i o n a l  Aeronaut ics  and 
Space A d m i n i s t r a t i o n ,  c o n s i d e r s  the d i s t o r t i o n  of a pulsed  s i g n a l  as 
it i s  t r a n s m i t t e d  through t h e  e a r t h ' s  ionosphere.  
The e f f i c i e n t  u s e  of  t h e  power a v a i l a b l e  from satel l i tes  re- 
q u i r e s  t h e  u s e  o f  wide-band t r a n s m i s s i o n ,  cor responding  t o  s h o r t  
p u l s e s .  
t h e  ionosphere ,  w i t h  t h e  e f f e c t s  g r e a t e r  a t  t h e  lower carr ier  fre- 
q u e n c i e s  and d u r i n g  p e r i o d s  o f  s o l a r  a c t i v i t y .  
s t u d i e s  t h e  phenomena and p r o v i d e s  a means f o r  computing t h e  re- 
s u l t i n g  d i s t o r t i o n .  The r e s u l t s  of t h e  s t u d y  c a n  b e  used as a n  a i d  
f o r  d e s i g n i n g  s a t e l l i t e  systems which employ t i m e - d i v i s i o n  m u l t i -  
These p u l s e s  may b e  d i s t o r t e d  by t h e  d i s p e r s i v e  e f f e c t s  o f  
T h i s  Memorandum 
p l e x i n g  o r  o t h e r  t y p e s  o f  p u l s e  t r a n s m i s s i o n  systems. 
PRECEDING PAGE BLANK NOT F l L ~ t t .  
V 
SUMMARY 
S i g n a l s  t r a n s m i t t e d  between t h e  ground and most e a r t h  s a t e l l i t e s  must 
p a s s  through t h e  ionosphere .  The n o n l i n e a r  v a r i a t i o n  o f  t h e  r e f r a c t i v e  
index  w i t h  frequency c a u s e s  a d i s p e r s i o n  which c a n  r e s u l t  i n  s i g n i f i c a n t  
s i g n a l  d i s t o r t i o n .  There have been previous  t h e o r e t i c a l  i n v e s t i g a t i o n s  
of  t h e  e f f e c t s  o f  d i s p e r s i o n  on  t h e  t r a n s m i s s i o n  o f  pu lsed  s i g n a l s ,  b u t  
they have s u f f e r e d  from v a r i o u s  mathematical  d i f f i c u l t i e s .  Moreover, few 
exper iments  have been made t o  measure p u l s e  d i s t o r t i o n .  Hence, t h e  prob- 
l e m  h a s  been r e c o n s i d e r e d  i n  t h i s  Memorandum. 
A t h e o r y  o f  p r o p a g a t i o n  i n  a g e n e r a l i z e d  ionosphere  i s  p r e s e n t e d ,  and 
i t  i s  shown how a n  " e q u i v a l e n t  s lab"  should b e  in t roduced .  Experimental  
da t a  were assembled from v a r i o u s  sources  t o  i n d i c a t e  t h e  ranges  of  t h e  r e l e -  
v a n t  parameters .  The i n t e g r a l s  which a r i s e  i n  t h e  t h e o r y  a r e  e v a l u a t e d  
by a new method which does  n o t  s u f f e r  from t h e  convergence d i f f i c u l t i e s  
which appeared i n  p r e v i o u s  work. The s o l u t i o n  depends on t h e  group d e l a y  
a t  t h e  carrier f requency ,  t h e  d i s p e r s i o n  about  t h e  group d e l a y ,  and o t h e r  
parameters .  E x p l i c i t  numer ica l  v a l u e s  depend on  t h e  t i m e  o f  d a y ,  season ,  
l a t i t u d e ,  and p o s i t i o n  i n  t h e  sunspot c y c l e .  R e s u l t s  a r e  computed and 
p r e s e n t e d  g r a p h i c a l l y  f o r  s e v e r a l  t y p i c a l  i o n o s p h e r i c  c o n d i t i o n s  w i t h  e i t h e r  
r e c t a n g u l a r  o r  r a i s e d  c o s i n e  p u l s e s  i n c i d e n t .  These r e s u l t s  extend t h e  
c lass ical  t h e o r y  of Ginzburg. 
The s h o r t e s t  a c c e p t a b l e  p u l s e  width i s  determined as a f u n c t i o n  o f  
t h e  p a r a m e t e r s .  It i s  shown t o  b e  p r o p o r t i o n a l  t o  t h e  t o t a l  e l e c t r o n  con- 
t e n t  a l o n g  t h e  communication p a t h  and i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  t h r e e -  
h a l v e s  power o f  t h e  frequency.  A t  a carrier frequency of  5 GHz,  t h e  t y p i -  
c a l  r a n g e  o f  s h o r t e s t  p u l s e  width i s  between 1 and 6 nanoseconds,  permi t -  
t i n g  v e r y  h i g h  d a t a  rates. 
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I. INTRODUCTION 
Severa l  of  t h e  systems proposed f o r  m u l t i p l e  access t o  communica- 
t i o n  s a t e l l i t e s  employ forms o f  pu l se  code modulat ion.  
i n v o l v e  t i m e - d i v i s i o n  m u l t i p l e x i n g  o r  mixed frequency and t ime-divi-  
s i o n  m u l t i p l e x i n g  (spread  spectrum).  Many o f  t h e s e  systems invo lve  de- 
t e rmin ing  whether  a g iven  s i g n a l  i s  p r e s e n t  a t  a g iven  f requency  a t  a 
s p e c i f i e d  t i m e .  The waveshape o f  the s i g n a l  a r r i v i n g  a t  t he  r e c e i v e r  
must  b e  s u i t a b l e  f o r  such a n a l y s i s .  
These may 
S i g n a l s  t r a n s m i t t e d  i n  e i t h e r  d i r e c t i o n  between t h e  e a r t h  and 
a communication s a t e l l i t e  must p a s s  through the  ionosphere .  The 
t r a n s m i s s i o n s  are g e n e r a l l y  a t  f r e q u e n c i e s  s u f f i c i e n t l y  h igh  t h a t  
t h e  e f f e c t s  o f  i onosphe r i c  abso rp t ion  and r e f r a c t i o n  are  n e g l i g i b l e .  
However, t h e  t r a n s m i s s i o n  c o e f f i c i e n t  o f  t h e  ionosphere  i s  a f u n c t i o n  
o f  f r equency ,  so the  medium d i s p l a y s  d i s p e r s i o n .  The e f f e c t  w i l l  be 
t o  sp read  o u t  t h e  p u l s e  i n  t ime and produce  m o d i f i c a t i o n s  o f  t h e  
waveshape. 
s i n g  through t h e  ionosphere  i s  frequency-dependent ,  t h e  system may 
b e  conf ron ted  w i t h  t h e  p re sence  of s i g n a l s  i n  s e v e r a l  f requency 
c h a n n e l s  a t  a s p e c i f i e d  t i m e .  These e f f e c t s  a c t  t o  l i m i t  t h e  com- 
mun ica t ion  c a p a b i l i t y  of  t h e  sys tem and may de te rmine  the maximum 
p e r m i s s i b l e  bandwidth,  o r  s h o r t e s t  p e r m i s s i b l e  p u l s e  l eng th .  These 
p o s s i b i l i t i e s  w i l l  be i n v e s t i g a t e d  i n  t h i s  Memorandum. 
Furthermore,  s i n c e  t h e  t o t a l  de l ay  o f  t h e  s i g n a l  i n  pas-  
A c o n s i d e r a b l e  body of  l i terature  h a s  been developed on t h e  
p r o p a g a t i o n  o f  p u l s e s  i n  d i s p e r s i v e  media.  
been  b o t h  t o  t h e  ionosphere  and t o  waveguides o p e r a t i n g  n e a r  c u t o f f .  
The a p p l i c a t i o n s  have 
2 
The d i s t o r t i o n  o f  a squa re  wave p ropaga t ing  i n  a waveguide h a s  been 
c a l c u l a t e d  by E l l i o t t , " )  and t h e  r e s u l t s  of  Ref. 1 have been a p p l i e d  
t o  the ionosphere  by Counter") and Dyce. (3)  
t h e  procedure o f  expanding t h e  phase of  t h e  t r a n s m i s s i o n  c o e f f i c i e n t  
o f  the ionosphere  i n  powers o f  t h e  d e v i a t i o n  from t h e  c a r r i e r  f r e -  
quency, and then  keeping  on ly  second-order  terms. A p a r a l l e l  de- 
velopment i s  p resen ted  i n  Russ ian  l i t e r a t u r e .  (495) 
been c a r r i e d  t o  t h i r d  o r d e r  by Gershman(6) and Wait. (7) 
of  E l l i o t t ' s  r e s u l t s  h a s  been q u e s t i o n e d ,  ( 7 9 8 )  and it h a s  been shown 
recent ly")  t h a t  t h e r e  i s  a mis t ake  i n  i n t e g r a t i o n  i n  Ref. 1. 
t h e o r e t i c a l  r e s u l t s  of  t h e  o t h e r  r e f e r e n c e s  c i t e d  h e r e  are c o r r e c t .  
Furthermore,  i t  h a s  been d e m ~ n s t r a t e d ' ~ )  t h a t  t h e  problem c a n  be  
solved e x a c t l y  i n  terms o f  Lommel's f u n c t i o n s  of two v a r i a b l e s ,  and 
s e v e r a l  writers have p r e s e n t e d  s o l u t i o n s  i n  series of  Bessel 
func t ions .  
Reference  1 f o l l o w s  
The method h a s  
The v a l i d i t y  
The 
I n  view o f  t h i s  p r e v i o u s  work, i t  may be asked i f  t h e r e  i s  any 
p o i n t  t o  a d d i t i o n a l  work on t h e  problem. The r easons  f o r  t h e  theo-  
r e t i c a l  r e s e a r c h  t o  be p r e s e n t e d  h e r e  may be summarized as fo l lows .  
The exac t  s o l u t i o n s  i n  series of  Bessel f u n c t i o n s  converge q u i t e  
slowly and are no t  s u i t a b l e  f o r  numer ica l  c a l c u l a t i o n s .  
mate s o l u t i o n s  u s i n g  t h e  q u a d r a t i c  phase  d i s t o r t i o n  method are sub- 
ject  t o  t h e  fo l lowing  anomaly: 
t i o n  from t h e  carr ier  frequency b e g i n s  t o  converge  s lowly  when t h e  
d e v i a t i o n  i s  comparable t o  t h e  system bandwidth,  which i s  j u s t  t h e  
c o n d i t i o n  o f  i n t e r e s t .  Fur thermore  , c a r e f u l  i n v e s t i g a t i o n  shows 
The approxi -  
t h e  expans ion  i n  powers o f  t h e  dev ia -  
3 
t h a t  t h e  convergence ra te  depends on a parameter  which i s  d i r e c t l y  
p r o p o r t i o n a l  t o  t h e  carr ier  frequency and i n v e r s e l y  p r o p o r t i o n a l  t o  
t h e  t o t a l  e l e c t r o n  c o n t e n t ,  and which may become on  t h e  o r d e r  o f  
u n i t y  i n  t h e  g i g a h e r t z  reg ion .  
s i d e r e d  w i t h  a view t o  avoid ing  t h e s e  d i f f i c u l t i e s .  
A t h e o r y  o f  p r o p a g a t i o n  i n  a g e n e r a l i z e d  ionosphere  i s  p r e s e n t e d  
Hence, t h e  problem h a s  been recon- 
i n  S e c t i o n  11. It i s  shown t h a t  t h e  s o l u t i o n  o b t a i n e d  s a t i s f i e s  a 
p r o p e r  c a u s a l i t y  c o n d i t i o n ,  which i s  n o t  s a t i s f i e d  by t h e  approximate 
s o l u t i o n s  of  Refs. 1 through 9. S e c t i o n  111 c o n t a i n s  a summary o f  
t h e  r e l e v a n t  exper imenta l  r e s u l t s .  The i n t e g r a l s  which ar ise  i n  
S e c t i o n  I1 are e v a l u a t e d  i n  Sec t ion  I V  by a method which does n o t  
s u f f e r  from t h e  convergence d i f f i c u l t i e s  i n d i c a t e d  above. The re- 
s u l t s  depend o n  t h e  group d e l a y  a t  t h e  carr ier  f requency ,  t h e  d i s -  
p e r s i o n  about  t h e  group d e l a y ,  and o t h e r  parameters .  Graphs are 
p r e s e n t e d  f o r  several t y p i c a l  i o n o s p h e r i c  c o n d i t i o n s  w i t h  e i t h e r  
r e c t a n g u l a r  o r  r a i s e d  c o s i n e  p u l s e s  i n c i d e n t .  The s h o r t e s t  accept -  
a b l e  p u l s e  w i d t h  is determined as a f u n c t i o n  o f  t h e  parameters .  
The Appendix shows t h a t  f o r  an i o n o s p h e r i c  e l e c t r o n  d e n s i t y  
p r o f i l e  which can be r e p r e s e n t e d  by an  E p s t e i n  l a y e r ,  t h e  d e l t a  p u l s e  
p r o p a g a t i o n  problem can  be solved i n  c l o s e d  form i n  Legendre f u n c t i o n s .  
The a n a l y s i s  o f  t h i s  problem r e p r e s e n t s  a n o n t r i v i a l  e x t e n s i o n  o f  t h e  
well-known s o l u t i o n  i n  hypergeometric f u n c t i o n s  f o r  t h e  p r o p a g a t i o n  
o f  a s i n e  wave through t h e  E p s t e i n  l a y e r .  
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11. PRoPAGATION I N  A GENERALIZED IONOSPHERE 
The a n a l y s i s  begins  w i t h  some g e n e r a l  c o n s i d e r a t i o n s  o f  propaga- 
t i o n  i n  t h e  ionosphere.  S ince  t h e  o b j e c t i v e  i s  communication through 
t h e  ionosphere between t h e  ground and t h e  s a t e l l i t e ,  t h e  carrier 
frequency must be above t h e  i o n o s p h e r i c  c u t o f f  f requency,  which means 
i n  p r a c t i c e  above 40 MHz t o  t a k e  a l l  f a c t o r s  i n t o  account.  A t  such 
f r e q u e n c i e s ,  i o n o s p h e r i c  damping e f f e c t s  are c l e a r l y  n e g l i g i b l e .  
It w i l l  b e  assumed t h a t  t h e  car r ie r  frequency i s  s u f f i c i e n t l y  above 
t h e  c u t o f f  f requency so t h a t  t h e  ray  p a t h s  may b e  t a k e n  t o  b e  s t r a i g h t  
l i n e s ,  and so t h a t  e f f e c t s  o f  t h e  e a r t h ' s  c u r v a t u r e  and magnet ic  
f i e l d  may a l s o  b e  neglec ted .  C o n s i d e r a t i o n  of  p o l a r i z a t i o n  e f f e c t s  
w i l l  g r e a t l y  compl ica te  t h e  a n a l y s i s ,  so only  h o r i z o n t a l  p o l a r i z a -  
t i o n  w i l l  be  cons idered .  With t h e s e  approximat ions ,  t h e  wave equa- 
t i o n  which d e s c r i b e s  t h e  e l e c t r o m a g n e t i c  f i e l d  E ( z ,  t) becomes 
Here e and m are t h e  e l e c t r o n  c h a r g e  and mass, p t h e  p e r m e a b i l i t y  
o f  f r e e  space ,  and N(z )  t h e  e l e c t r o n  d e n s i t y .  MKS u n i t s  are used through-  
o u t .  
a maximum a t  t h e  F l a y e r  and s u b s i d i a r y  maxima a t  lower a l t i t u d e s .  The 
c h a r a c t e r i s t i c  l e n g t h s  a s s o c i a t e d  w i t h  a p p r e c i a b l e  v a r i a t i o n s  o f  N(z) 
The e l e c t r o n  d e n s i t y  i s  a s lowly  v a r y i n g  f u n c t i o n  o f  h e i g h t ,  w i t h  
2 
are measured i n  t e n s  t o  hundreds o f  k i l o m e t e r s .  
The f i e l d  may be ana lyzed  i n t o  i t s  F o u r i e r  components, y i e l d i n g  
OD 
1 
2n E ( z , t )  = - e(z,cU)eiWt dw 
'ob 
The transformed f i e l d  e ( z , u )  s a t i s f i e s  t h e  e q u a t i o n  
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w i t h  a p p r o p r i a t e  boundary c o n d i t i o n s .  L e t  t h e  i n c i d e n t  f i e l d  E .  ( z  , t) 
a l s o  b e  analyzed i n t o  F o u r i e r  components. Then t h e  s o l u t i o n  o f  Eq. (3) 
must s a t  i s f y  t h e  cond i t  i o n s  
1 
- i u z / c  e ( z  ,u) ei(-m,u)T(w)e 
4 - w  
z + +w ( 5 )  
The e x p e r i m e n t a l  f a c t  t h a t  t h e  e l e c t r o n  d e n s i t y  N(z) t e n d s  t o  z e r o  more 
r a p i d l y  t h a n  l / z  f a r  above and f a r  below t h e  main p a r t  o f  t h e  ionosphere  
h a s  been used t o  s i m p l i f y  t h e  boundary c o n d i t i o n s .  Equat ions  ( 4 )  and 
(5) d e f i n e  t h e  r e f l e c t i o n  c o e f f i c i e n t  R(U) and t h e  t r a n s m i s s i o n  coef -  
f i c i e n t  T(w). The l a t t e r  i s  t h e  q u a n t i t y  o f  p r i n c i p a l  i n t e r e s t .  
There e x i s t  a few p r o f i l e s  N(z)  f o r  which Eq. ( 3 )  can be so lved  ex- 
p l i c i t l y .  These i n c l u d e  t h e  c o n s t a n t ,  l i n e a r ,  q u a d r a t i c ,  e x p o n e n t i a l ,  
and E p s t e i n  (13) l a y e r s .  
pp. 3 4 4 - 3 6 4 .  The a p p l i c a t i o n  o f  t h e  s o l u t i o n  o f  t h e  E p s t e i n  l a y e r  t o  
The s o l u t i o n s  are a l l  p r e s e n t e d  i n  Ref. 4 ,  
p u l s e  p r o p a g a t i o n  i s  g i v e n  i n  t h e  Appendix t o  t h i s  Memorandum. 
The s i m p l e s t  p l a u s i b l e  approximation f o r  t h e  e l e c t r o n  d e n s i t y  N ( z )  
i s  a s l a b  o f  t h i c k n e s s  H and c o n s t a n t  d e n s i t y  N . T h i s  " e q u i v a l e n t  
s l a b "  t h e o r y  h a s  been e x t e n s i v e l y  ana lyzed ,  s i n c e  i t  i s  most c l o s e l y  a k i n  
t o  t h e  waveguide t r a n s m i s s i o n  problem. However, t h e  d i r e c t  s o l u t i o n  o f  
Eq. (3 )  w i t h  c o n s t a n t  N and t h e  boundary c o n d i t i o n s ,  Eqs. ( 4 )  and (5) , 
l e a d s  t o  a t r a n s m i s s i o n  c o e f f i c i e n t  T(w) whose ampl i tude  i s  s t r o n g l y  de- 
p e n d e n t  o n  frequency.  
d i e n t  o f  e l e c t r o n  d e n s i t y  a t  t h e  boundaries  o f  t h e  l a y e r  and by m u l t i p l e  
i n t e r n a l  r e f l e c t i o n s .  A d i f f e r e n t  p r o c e d u r e  w i l l  be  followed h e r e ,  
0 
mis e f f e c t  i s  caused by t h e  s p u r i o u s  l a r g e  gra-  
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which w i l l  d e r i v e  an  “ e q u i v a l e n t  s l a b ”  from an  approximate s o l u t i o n  o f  
t h e  equat ion ,  i n s t e a d  o f  from an  approximation t o  t h e  e q u a t i o n  i t s e l f .  
The procedure  cor responds  t o  a h i g h e r  o r d e r  WKB s o l u t i o n .  L e t  
2 K b e  the  c o e f f i c i e n t  o f  e(z,w) i n  Eq. ( 3 ) .  A t  s u f f i c i e n t l y  h i g h  f re-  
quencies ,  W / c  2 2  2 i s  l a r g e  compared t o  e p N ( z ) / m ,  so K2 never  v a n i s h e s .  
Assume a s o l u t i o n  o f  t h e  form 
Z 
e = exp i J c p ( z ’ ) ~ z ‘  
where t h e  lower l i m i t  i s  l e f t  u n s p e c i f i e d .  Then t h e  f u n c t i o n  cp(z) 
s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t i o n  
2 2 cp = K + i c p ‘  
where the p r i m e  d e n o t e s  d/dz.  
Under t h e  p h y s i c a l  c o n d i t i o n s  which e x i s t  i n  t h e  i o n o s p h e r e ,  t h e  
percentage  v a r i a t i o n s  of  K are s m a l l  a t  s u f f i c i e n t l y  h i g h  f r e q u e n c i e s .  
The same may b e  assumed t o  hold  f o r  c p ,  whence t h e  d e r i v a t i v e  term on 
t h e  r i g h t  s i d e  o f  Eq. ( 7 )  may b e  treated a s  a p e r t u r b a t i o n .  Applying 
s u c c e s s i v e  s u b s t i t u t i o n  t o  Eq. ( 7 )  t o  t h e  second o r d e r  produces  t h e  
two s o l u t i o n s  
S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  i n  Eq. (6) and per forming  some o f  
t h e  i n t e g r a t i o n s  y i e l d  t h e  second-order  WKB s o l u t i o n :  
z z 
e -6 exp * i[J K dz’  - 4 1 K‘ - =g 1 J 7 K t 2  d z 8 ]  
f (9)  
where k = w / c .  S o l u t i o n s  o f  t h e  form o f  Eq. (9)  must  b e  f i t t e d  t o  t h e  
boundary c o n d i t i o n s  Eqs .  (4) and (5).  m e n  t h e  lower l i m i t  o f  t h e  i n -  
t e g r a l s  i s  set  equal  t o  -a, and k i s  added and s u b t r a c t e d  under  t h e  
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i n t e g r a l  s i g n  t o  make t h e  e x p r e s s i o n s  converge,  i t  f o l l o w s  t h a t  t h e  
approximate s o l u t i o n  o f  t h e  wave equat ion  Eq. (3 )  , which reduces  
p r o p e r l y  t o  t h e  i n c i d e n t  wave a t  -a, i s  
There i s  a cor responding  s o l u t i o n  which r e d u c e s  t o  t h e  t r a n s m i t t e d  
wave a t  +=. The s o l u t i o n s  may b e  matched a t  t h e  p o i n t  where K '  = 0 ,  
which cor responds  t o  t h e  maximum e l e c t r o n  d e n s i t y .  The t r a n s m i s s i o n  
c o e f f i c i e n t  may b e  determined from t h e  matching c o n d i t i o n s .  Define 
ko = e p/m. 
A f t e r  t h e  matching procedure  , t h e  t r a n s m i s s i o n  c o e f f i c i e n t  may be ex- 
panded i n  i n v e r s e  powers of  frequency. C o r r e c t  t o  i n v e r s e  f i f t h  powers 
( f i f t h  o r d e r )  , t h e  ampl i tude  o f  t h e  t r a n s m i s s i o n  c o e f f i c i e n t  i s  u n i t y ,  
and t h e r e  r e s u l t s :  
2 2 The d e r i v a t i v e s  o f  K may be r e p l a c e d  by d e r i v a t i v e s  of N. 
m 4 c D  
(11) T(w) = exp i[ { k - G ) }  2 2  dz + -- 1 kg ( z ) 2 d z ]  
'Q) 32 k5 -w 
The f i r s t  i n t e g r a l  i n  t h e  exponent i s  t h e  f a m i l i a r  WKB approxi-  
mat ion .  The second term, involv ing  t h e  s q u a r e  o f  t h e  g r a d i e n t  o f  
t h e  e l e c t r o n  d e n s i t y ,  i s  s m a l l  when t h e  p h y s i c a l  problem i s  con- 
s i d e r e d  c o r r e c t l y .  However, i f  t h e  a c t u a l  c o n t i n u o u s  v a r i a t i o n  o f  
e l e c t r o n  d e n s i t y  i s  rep laced  by a s l a b ,  t h i s  i n t e g r a l  becomes s i n -  
g u l a r .  Corresponding t o  t h i s  e f f e c t ,  t h e  expans ion  of  t h e  F r e s n e l  
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t r a n s m i s s i o n  c o e f f i c i e n t  of  a s l a b  d i s p l a y s  a p p a r e n t  f o u r t h - o r d e r  
terms i n  t h e  ampl i tude  of  T ( U ) .  These a r e  produced by t h e  s p a t i a l  
s i n g u l a r i t i e s  a t  t h e  s l a b  boundary where t h e  e l e c t r o n  d e n s i t y  v a r i e s  
r a p i d l y  compared t o  t h e  wavelength.  Such c o n f i g u r a t i o n s  do n o t  
occur  i n  t h e  a c t u a l  ionosphere.  The p r o p e r  d e f i n i t i o n  of  an  equiv-  
a l e n t  s l a b  should t h e r e f o r e  be d e r i v e d  from Eq. (11) by matching 
t h e  parameters  i n  t h e  expans ion  of  t h e  phase  of  T(u) i n  i n v e r s e  
powers of f requency.  There r e s u l t s  f o r  t h e  e q u i v a l e n t  s l a b  
ai 15 
N 0 = / N2(z)dz / s N(z)dz 
' -0) ,ai 
ai ai 
H = [ s N(z)dz]*/ / N*(z)dz 
-cD -ro 
Q u a n t i t i e s  which may b e  a c t u a l l y  measured a r e  t h e  e l e c t r o n  
d e n s i t y  a t  t h e  maximum N and t h e  t o t a l  e l e c t r o n  c o n t e n t  m 
m 
Nt = N(z)dz 
The c u t o f f  f requency o f  t h e  i o n o s p h e r e  i s  g i v e n  by 
9 
Define  u) 
such t h a t  i n v e r s e  f i f t h  powers of  t h e  r a t i o  u) /w may be n e g l e c t e d .  
Then t h e  t r a n s m i s s i o n  c o e f f i c i e n t T ( u ) )  may be r e p r e s e n t e d  by t h e  form 
= 2rr f c ,  T = H/c. The exper imenta l  c o n d i t i o n s  are g e n e r a l l y  
C 
C 
P r e v i o u s  i n v e s t i g a t i o n s  o f  i o n o s p h e r i c  p u l s e  p r o p a g a t i o n  have 
begun w i t h  t h i s  e x p r e s s i o n ,  which i s  t h e  t r a n s m i s s i o n  c o e f f i c i e n t  o f  
a s l a b  of  e l e c t r o n s .  The i n v e s t i g a t i o n  t o  t h i s  p o i n t  i n  t h i s  Memo- 
randum h a s  shown t h e  c o n d i t i o n s  under which t h e  t r a n s m i s s i o n  coef-  
f i c i e n t  o f  t h e  wave p r o p a g a t i n g  through an a r b i t r a r y  e l e c t r o n  d i s -  
t r i b u t i o n  may b e  r e p l a c e d  by t h e  t r a n s m i s s i o n  c o e f f i c i e n t  of a s l a b .  
I n  terms o f  t h e  t r a n s m i s s i o n  c o e f f i c i e n t ,  t h e r e  r e s u l t s  f o r  t h e  
o r i g i n a l  t ime-dependent f i e l d  
W 
1 i w ( t - t ' - z / c )  -t o3 E ( z , t )  = dw d t ' E i ( - a y t ' ) T ( a ) e  
-W 
o r y  i f  time i s  measured from t h e  a r r i v a l  o f  t h e  f i r s t  d i s t u r b a n c e  
a t  z ,  tl = t - z / c  
m 
i u ( t  - t ' )  1 
E ( t l )  = - 1 11 dw dt 'E1(-w,t ' )T(u)e 2l-I 
-W 
When t h e  i n c i d e n t  wave i s  a r e c t a n g u l a r  p u l s e ,  i t  i s  expressed  as 
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E i ( -n , t ' )  = s i n  W 0 t' [ l ( t ' ) - l ( t ' - T ) ]  (19) 
Here u) = 2rr f ; f i s  t h e  c a r r i e r  f r equency ,  T i s  t h e  p u l s e  w i d t h ,  
and l ( t ' )  deno tes  the  Heav i s ide  u n i t  f u n c t i o n ,  which i s  z e r o  f o r  t '  
nega t ive ,  and 1 f o r  t ' p o s i t i v e .  
i n  E assume t h a t  f T i s  a n  i n t e g e r .  S ince  f T i s  u s u a l l y  a l a r g e  
number, t h i s  i s  n o t  a s i g n i f i c a n t  r e s t r i c t i o n .  
0 0 0  
To avoid having  d i s c o n t i n u i t i e s  
i '  0 0 
With E .  i n  t h e  form provided  by Eq. (19 ) ,  t h e  i n t e g r a t i o n  o v e r  t '  
1 
may be performed.  The r e s u l t  w i l l  be  g i v e n  a s u b s c r i p t  p f o r  p u l s e  
s o l u t i o n ,  and t h e  dependence on t h e  ca r r i e r  frequency f w i l l  be  
i n d i c a t e d  e x p l i c i t l y .  Thus 
0 
m 
(20) 
2 2  i w t  iU(  t l-T) 1 
Ep( fo , t l )  = & du, T(w) [e -e 
-m 
The in t eg rand  h a s  no s i n g u l a r i t y  a t w  = u) . However, i t  i s  d e s i r e d  
t o  s e p a r a t e  t h e  two e x p o n e n t i a l  t e rms ,  each  o f  which then  r e p r e s e n t s  
a s i n g u l a r  i n t e g r a l .  The i n t e g r a t i o n  p a t h  must  b e  deformed i n t o  
t h e  complex p l a n e  t o  avoid t h e s e  s i n g u l a r i t i e s .  Fur thermore ,  t o  
ma in ta in  c a u s a l i t y ,  t h e  i n t e g r a l  should  v a n i s h  f o r  t l  < 0. T h i s  
r e q u i r e s  t h a t  t h e  s i n g u l a r i t i e s  be  evaded by arcs p a s s i n g  below 
them. T h i s  l e a d s  t o  t h e  r e p r e s e n t a t i o n  
0 
a-ie 
i l u t  
Es( fo , t1)  = - m du T(w)e lu&; - 012) 1 
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where E r e p r e s e n t s  t h e  response  t o  a ca r r i e r  frequency s t e p - f u n c t i o n ,  
and e i s  a s m a l l  p o s i t i v e  number, which e n s u r e s  t h a t  t h e  s i n g u l a r i t i e s  
are avoided i n  a p r o p e r  manner. 
Eq. (16) i s  t o  be i n t e r p r e t e d  as fo l lows:  
S 
The phase  o f  t h e  squa re  r o o t  i n  
which e n s u r e s  t h a  
t enua ted .  
= - 11 w < - w  
C 
t h e  frequency components below c u t o f f  are a t -  
I f  t h e  i n p u t  waveform i s  a raised c o s i n e  f u n c t i o n ,  i t  may b e  
w r i t t e n  i n  t h e  form 
E i ( a  , t )  = 2 (1-cos =)s in  T w o t [ l ( t ) - l ( t - T ) ~  ( 2 4 )  
Denoting t h e  response  by E the  r e l a t i o n s h i p  between r e c t a n g u l a r  and 
r a i s e d  c o s i n e  p u l s e  i s  ob ta ined  
C Y  
T h i s  e q u a t i o n  e x p l a i n s  why t h e  c a r r i e r  f requency w a s  e x p l i c i t l y  i n d i -  
c a t e d  i n  t h e  p u l s e  response .  The problem i s  t o  e v a l u a t e  E ( f  
when T(w) h a s  t h e  form o f  Eq. (16). Although t h e  i n t e g r a l  can  be  
e v a l u a t e d  i n  c l o s e d  form i n  terms o f  LOmmel's f u n c t i o n s , ( 5 )  t h e  r e s u l t  
i s  n o t  u s e f u l  f o r  computat ion.  
Eq. (22)  must  be c o n s i s t e n t  w i t h  expe r imen ta l  r e s u l t s .  Accordingly , 
a summary o f  r e l e v a n t  measurements o f  i onosphe r i c  p r o p e r t i e s  w i l l  
now be  p r e s e n t e d .  
s O J l )  
Approximations t o  t h e  i n t e g r a l  i n  
12 
111. SUMMARY OF EXPERIMENTAL RESULTS 
According t o  Eqs .  (12) and ( 1 3 ) ,  t h e  e q u i v a l e n t  s l a b  pa rame te r s  
N and H are t o  be  determined from t h e  i n t e g r a l s  of t h e  e l e c t r o n  den- 
s i t y  and i t s  square. However, t h e  q u a n t i t i e s  a c t u a l l y  measured are 
the e l e c t r o n  d e n s i t y  a t  t h e  maximum, and N t ,  t h e  t o t a l  e l e c t r o n  Nm 9 
con ten t .  
n i q u e  invo lv ing  Faraday r o t a t i o n  which h a s  been developed e x t e n s i v e l y  
i n  r e c e n t  years. 
measured. 
i n  terms of measurable  q u a n t i t i e s .  To do t h i s  r e q u i r e s  s p e c i f i c  
assumptions about  t h e  shape of  t h e  i o n o s p h e r i c  layer.  
0 
The f i r s t  i s  measured by ionosondes ,  t h e  second by a t ech -  
The e l e c t r o n  d e n s i t y  below t h e  maximum may a l s o  be  
The i n t e g r a l  i n v o l v i n g  N2 should t h e r e f o r e  be e l i m i n a t e d  
Three  forms which have been used  f o r  t h e  ionosphe re  are t h e  
p a r a b o l i c  , E p s t e i n ,  and Chapman d i s t r i b u t i o n s .  These l e a d  r e spec -  
t i v e l y  t o  t h e  resu l t s  
P a r a b o l i c :  No = .8 Nm; H = 1.25  Nt/Nm 
Eps t e i n :  N = .667 Nm; H = 1 . 5  Nt/Nm 
0 
Chapman : No = .658 Nm; H = 1.52 N /N (26) t m  
The p a r a b o l i c  and E p e t e i n  l a y e r s  have  e q u a l  numbers o f  e l e c t r o n s  
above and below t h e  maximum, w h i l e  t h e  Chapman l a y e r  d i s p l a y s  a t o p  
t o  bottom r a t i o  of 2.15. Exper imenta l  v a l u e s  o f  t h e  r a t i o  d i s p l a y  
a w i d e  range. 
u n i t y  a t  midday, and between 2 and 3 i n  e a r l y  morning and evening .  
Lunar r ada r  o b s e r v a t i o n s  i n  England (15) g i v e  a dayt ime r a t i o  o f  
Thus, A l o u e t t e  sounder  d a t a  (14) d i s p l a y  a r a t i o  n e a r  
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2.5 t o  3.5, w h i l e  a t  n i g h t  t h e  r a t i o  i s  between 3 and 9. These r e s u l t s  
are f o r  s o l a r  maximum t o  average c o n d i t i o n s ,  and are reasonably  co r -  
robora t ed  f o r  s o l a r  minimum. ( I 6 )  
Chapman l a y e r  up t o  one s c a l e  h e i g h t  above t h e  maximum, and an  expo- 
n e n t i a l  a t  h i g h e r  a l t i t u d e s ,  t h e  top-to-bot tom r a t i o  can  be used t o  
d e t e r n i n e  t h e  c o n s t a n t s  of  t h e  Chapman and exponen t i a l  func t ions .  A t  
r a t i o s  o f  4 ,  6 ,  and 9 ,  t h e  c o e f f i c i e n t  .658 i n  Eq. (16) i s  reduced t o  
.553,  .512, and .482, r e s p e c t i v e l y .  Expe r imen ta l ly ,  r a t i o s  ove r  6 
occur  r a r e l y .  I n  view of  t h e s e  c o n s i d e r a t i o n s ,  t h e  r e p r e s e n t a t i v e  v a l u e s  
I f  t h e  p r o f i l e  i s  taken  t o  be  a 
No = .625 Nm, H = 1.6 N / N  t m  
w i l l  b e  used i n  c a l c u l a t i o n s .  ’;he p r o p e r t i e s  o f  t h e  s o l u t i o n  t o  t h e  
p u l s e  p ropaga t ion  problem p r i n c i p a l l y  depend upon N t h e  t o t a l  e l e c t r o n  
c o n t e n t ,  and t h e  s e l e c t i o n  o f  t h e  c o n s t a n t  i n d i c a t e d  i n  Eq. (17) i s  n o t  
t’ 
c r i t i c a l .  
The measured v a l u e s  of t h e  major pa rame te r s  N and N depend upon m t 
t i m e  o f  day ,  s eason ,  l a t i t u d e ,  and p o s i t i o n  i n  t h e  sunspot  c y c l e ,  and 
they  may d i s p l a y  r a p i d  f l u c t u a t i o n s .  I n s t e a d  o f  Nm, t he  i o n o s p h e r i c  
c u t o f f  f requency  f de f ined  i n  Eq. (15)  w i l l  be  p r e s e n t e d ,  For ver- 
t i c a l  i n c i d e n c e ,  f may be as low a s  2 MHz, and as h igh  as 15 MHz. 
C 
C 
Data on  t o t a l  e l e c t r o n  con ten t  u s u a l l y  g i v e  t h e  t o t a l  c o n t e n t  i t se l f  
There have been ve ry  N 
many measurements i n  r e c e n t  y e a r s ,  and t h e  fo l lowing  p r e s e n t a t i o n  does 
and an  e q u i v a l e n t  s l a b  th i ckness  Hs = Nt/Nm. t 
n o t  p r e t e n d  t o  be exhaus t ive .  
Exper imenta l  v a l u e s  of  t h e  t o t a l  e l e c t r o n  c o n t e n t  N g e n e r a l l y  t 
l i e  i n  t h e  range  1 0 l 6  - 10 l8  e l e c t r o n s  p e r  squa re  meter. Thus, i t  
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proves  advantageous t o  t h e  p r e s e n t a t i o n  t o  i n t r o d u c e  a parameter  I 
by the r e l a t i o n  
2 - 1 6  1 = 10 N t  (e/m ) 
Measurements of  t h e  t o t a l  e l e c t r o n  c o n t e n t  under  s o l a r  maximum 
c o n d i t i o n s  are r e l a t i v e l y  few, s i n c e  t h e  expe r imen ta l  t echn iques  were 
n o t  s u f f i c i e n t l y  developed d u r i n g  t h e  p e r i o d  o f  t h e  l a s t  s o l a r  maxi- 
mum (1958-60). Methods i n c l u d e  measurement o f  t h e  Faraday r o t a t i o n  o f  
t h e  s i g n a l s  from s a t e l l i t e s ,  luna r  radar ,  and ionosphe r i c  b a c k s c a t t e r .  
Data from Faraday r o t a t i o n  of t h e  s i g n a l s  from Sputnik 3 between 
September 1958 and December 1959 are  p r e s e n t e d  by Lawrence e t  a l .  
Marked d i u r n a l  and seasona l  v a r i a t i o n s  appear  i n  t h e  measurements.  
Thus,  a t  a l o c a l  time j u s t  b e f o r e  s u n r i s e ,  I h a s  a mean v a l u e  o f  8 
throughout  t h e  series o f  o b s e r v a t i o n s ,  b u t  d r o p s  as low as  2.5 on 
some win te r  measurements. The l a r g e s t  s i n g l e  v a l u e  o f  I ,  observed 
i n  the early a f t e r n o o n  d u r i n g  t h e  s p r i n g  o f  1959, was about  160. 
A smooth curve  drawn through t h e  d a t a  shows midday peak v a l u e s  as 
80 ( F a l l  1958) ,  70 (Winter  1958) ,  90 (Spr ing  1959) ,  35 (Summer 1959) ,  
35 ( F a l l  1959) ,  and 55 (Winter  1959) .  The sunspo t  number dec reased  
from about 180 t o  abou t  130 d u r i n g  t h e  o b s e r v a t i o n  p e r i o d ,  which 
a t  l e a s t  p a r t l y  accoun t s  f o r  t h e  d rop  between comparable  seasons  
i n  the  two y e a r s .  
v a r i a t i o n ,  w i th  a maximum a t  t h e  equ inoxes  and w i n t e r ,  w h i l e  t h e  
n igh t t ime  v a l u e s  of  t o t a l  e l e c t r o n  c o n t e n t  are much more n e a r l y  
c o n s t a n t .  
(17 )  
Thus, t h e  dayt ime v a l u e s  d i s p l a y  a s t r o n g  s e a s o n a l  
15 
The e q u i v a l e n t  s l a b  " thickness"  H = N / N  d i s p l a y s  much less 
S t m  
v a r i a t i o n .  Reference 17  p r e s e n t s  da t a  f o r  t h i s  q u a n t i t y  a s  an 
e q u i v a l e n t  Chapman l a y e r .  Converting t o  s l a b  t h i c k n e s s  shows a 
range  from 350 km ( w i n t e r  n i g h t )  t o  500 km (summer day and n i g h t )  
d u r i n g  t h e  p e r i o d  September 1958 t o  September 1959. 
Measurements d u r i n g  1960 and 1961 have been r e p o r t e d  by 
Roger, (18) T a y l o r ,  (19) and Millman. (20) 
t h e  e l e c t r o n  c o n t e n t  maximizes i n  t h e  a f t e r n o o n ,  w i t h  a s t r o n g ,  r a t h e r  
narrow peak i n  w i n t e r ,  and reaches a broad b u t  n o t  so h igh  maximum 
i n  summer .  Values of e l e c t r o n  c o n t e n t  a t  3 p.m. i n  w i n t e r  a r e  
The measurements show t h a t  
4 0 , ( l 8 )  and 70, (20) w h i l e  i n  summer they are 18, (18) 25 , (9)  and 
64. (20) The much l a r g e r  values repor ted  i n  Ref.  20 a r e  a s s o c i a t e d  
w i t h  t h e  low l a t i t u d e  ( T r i n i d a d )  of t h e  o b s e r v a t i o n s .  The s l a b  
t h i c k n e s s  H a t  3 p.m. throughout t h e  y e a r  i s  between 250 and 
300 km,  (17)  compared t o  250-350 km. (20) 
S 
Slab t h i c k n e s s e s  from 
200 t o  500 km d u r i n g  t h e  w i n t e r  day, 200 t o  950 km d u r i n g  t h e  
w i n t e r  n i g h t ,  and 350 km d u r i n g  t h e  summer day were r e p o r t e d  i n  
Ref. 1 5 ,  w h i l e  Ref. 20 g i v e s  comparable dayt ime d a t a  and v a l u e s  
up t o  700 km a t  n i g h t  i n  both  summer and w i n t e r .  Assembling t h e s e  
a s s o r t e d  r e s u l t s ,  r e p r e s e n t a t i v e  v a l u e s  f o r  t h e  s o l a r  maximum 
c o n d i t i o n s  w i l l  be  chosen as: 
Summer Day I = 35 Hs = 350 km f = 9 MHz 
Summer Night  I = 10 Hs = 500 km f = 4 MHz 
Winter  Day I = 80 H = 400 km f = 12.7  MHz 
Winter  Night  I = 8  H = 500 km f = 3 . 6  MHz 
C 
C 
s C 
s C 
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Measurements have been performed dur ing  t h e  d e c l i n i n g  p o r t i o n s  
( 16,26- 30) and under  s o l a r  minimum c o n d i t i o n s .  (21- 25) of  the s o l a r  c y c l e  
The d a t a  d i s p l a y  ve ry  good c o r r e l a t i o n  among t h e  v a r i o u s  e x p e r i -  
menters .  A s e t  of r e p r e s e n t a t i v e  v a l u e s  f o r  s o l a r  minimum c o n d i t i o n s  
a t  m i d - l a t i t u d e s  w i l l  be  chosen as: 
f = 5.7 MC 
f = 4  MC 
f = 7 . 7  MC 
f = 4  MC 
C 
Summer Day I = 12 H = 300 km 
Summer Night I =  3 H = 150 km 
Winter Day I = 18 H = 240 km 
Winter Night  I =  3 H = 150 km 
S 
C S 
C S 
C S 
A t  low l a t i  t u d e s ,  (26)  t h e  n i g h t t i m e  t h i c k n e s s  i s  cons ide rab ly  
h ighe r ,  wh i l e  i n  t h e  Southern Hemisphere (29 )  t h e  w i n t e r  n i g h t  
va lues  of e l e c t r o n  c o n t e n t  are much h i g h e r .  Values of  t h e  pa rame te r s  
a t  i n t e rmed ia t e  p a r t s  of  t h e  s o l a r  c y c l e  l i e  between t h e  v a l u e s  a t  
maximum and minimum c o n d i t i o n s .  
The d a t a  as p resen ted  show a d i u r n a l  range  i n  e l e c t r o n  c o n t e n t  
of 3-4 t o  1 i n  sunmer, 6-10 t o  1 i n  w i n t e r .  The n i g h t t i m e  v a l u e s  
have l i t t l e  seasona l  e f f e c t  b u t  show a 3 t o  1 v a r i a t i o n  o v e r  t h e  
s o l a r  c y c l e .  
d i u r n a l  v a r i a t i o n  w i t h  l i t t l e  s e a s o n a l  v a r i a t i o n .  The dayt ime 
The t h i c k n e s s  parameter  H h a s  a moderate  ( 2  t o  1) 
S 
t h i ckness  parameter v a r i e s  less w i t h  t h e  s o l a r  c y c l e  than  does  t h e  
n igh t t ime  t h i c k n e s s .  
The t h e o r e t i c a l  e x p r e s s i o n s  developed i n  S e c t i o n  I1 w i l l  now 
be s i m p l i f i e d  u s i n g  t h e s e  expe r imen ta l  r e s u l t s .  
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I V .  DETAILED CONSIDERATIONS OF PULSE PROPAGATION 
When t h e  form o f  Eq. (16) f o r  t h e  t r a n s m i s s i o n  c o e f f i c i e n t  T(w) 
i s  i n s e r t e d  i n  t h e  i n t e g r a l  o f  Eq.  (22) ,  t h e r e  r e s u l t s :  
The s t a n d a r d  procedure  f o r  e v a l u a t i n g  i n t e g r a l s  of  t h e  g e n e r a l  
t y p e ,  Eq. (18) ,  i s  t o  expand -cp(w), t h e  phase  o f  t h e  t r a n s m i s s i o n  co- 
e f f i c i e n t  T(W), i n  powers o f  t h e  d e v i a t i o n  from t h e  carrier frequency 
and assume t h a t  two o r  t h r e e  terms a r e  s u f f i c i e n t .  Fol lowing t h e  no- 
t a t i o n  o f  Ginzburg, ( 4 )  t h e  r e s u l t  becomes 
U ,. 
du = C(u) + iS(u)  i n 1 2  uz F(U) = J e 
0 
Here cp(wo) i s  t h e  phase  d e l a y  a t  t h e  carrier f requency ,  cpr (w ) i s  t h e  
group t i m e  d e l a y  a t  t h e  carrier frequency,  and q " ( w o )  i s  t h e  second 
d e r i v a t i v e  o f  t h e  phase  w i t h  r e s p e c t  t o  t h e  r a d i a n  frequency u), eval- 
0 
u a t e d  a t  t h e  carrier frequency.  The ampl i tude  o f  E i s  p l o t t e d  on  
page  417 o f  R e f .  4 and is reproduced i n  Fig.  1. I n  terms of  t h e  
S 
v a r i a b l e  u ,  t h e  f u n c t i o n  IEs(u)I i s  s m a l l  f o r  u < - 4 ,  r e a c h e s  .5 a t  
U = 0, r e a c h e s  a f i r s t  maximum value o f  1.17 a t  u = 1.25, o s c i l l a t e s  
r a p i d l y  t h e r e a f t e r ,  and remains w i t h i n  5 p e r c e n t  o f  u n i t y  f o r  u > 4. 
R e f e r e n c e  4 d e f i n e s  t h e  e s t a b l i s h m e n t  t i m e  o f  t h e  s i g n a l  as t h e  p e r i o d  
18 
1.3 
1.2 
1 . 1  
1 .o 
0.9 
0.8 
0.6 
0.5 
0.4 
0.3 
0.2 
- 
0.2, 
-4 -3 -2 - 1  0 1 2 3 4 5 
u =J- 
8 
Fig, 1-Distortion of a rectangular pulse according 
to Ginzburg's theory 
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between t h e  t i m e  t h e  s i g n a l  reaches  5 p e r c e n t  o f  t h e  f i n a l  v a l u e  
( u  = -4) and t h e  t i m e  i t  remains  w i t h i n  * 5 p e r c e n t  of  t he  f i n a l  
va lue .  The re fo re ,  t h i s  e s t ab l i shmen t  t i m e  i s  8 wo' The custom- 
ary d e f i n i t i o n  used i n  t h i s  count ry  i s  from t h e  10 p e r c e n t  p o i n t  t o  
t h e  90 p e r c e n t  p o i n t ,  which y i e l d s  a n  e s t a b l i s h m e n t  time e q u a l  t o  
3 . 3  JrrcP"0. 
According t o  t h i s  a n a l y s i s ,  t h e  r ise t i m e  i s  determined by t h e  
pa rame te r  cp"(w ). For t h e  phase  f u n c t i o n  of  Eq. ( 1 9 ) ,  t h e  s i t u a t i o n  
of p r i n c i p a l  i n t e r e s t  o c c u r s  when t h e  c a r r i e r  f requency f 
g r e a t e r  t h a n  t h e  i o n o s p h e r i c  c u t o f f  f requency f . I n  t h i s  c a s e ,  t h e  
r ise t i m e  t becomes 
0 
i s  much 
0 
C 
r 
- 312 
= 2.3 71t2 f f tr c o  
w h i l e  t h e  group t i m e  d e l a y  cp'(w ) = t becomes 
0 g 
(33) 
For t h e  s o l u t i o n  t o  make r easonab le  p h y s i c a l  s e n s e ,  t h e  group de lay  
must  s i g n i f i c a n t l y  exceed t h e  rise t i m e .  While t h i s  c o n d i t i o n  w a s  
w e l l - s a t i s f i e d  i n  t h e  problem of  r e f l e c t i o n  o f  p u l s e s  from t h e  iono- 
s p h e r e  which was t h e  s u b j e c t  cons ide red  i n  Ref. 4 ,  it i s  n o t  necessa r -  
i l y  s a t i s f i e d  i n  t h e  t r ansmiss ion  problem. The v a l u e  of carrier f r e -  
quency a t  which t h e  group d e l a y  and t h e  rise t i m e  become e q u a l  is 
f(GHz) = .13 I. T h i s  f requency  g e n e r a l l y  l i e s  i n  t h e  low g i g a h e r t z  
r eg ion .  A t  h i g h e r  f r e q u e n c i e s ,  t h e  approximat ions  used i n  d e r i v i n g  
Eq. (30) cease t o  be v a l i d ,  s i n c e  t h e  expans ion  o f  t h e  phase  i n  powers 
of t h e  d e v i a t i o n  from t h e  c a r r i e r  f requency  becomes s lowly  convergent .  
A d i f f e r e n t  approximat ion  i s  r equ i r ed .  
20 
The new approximat ion  makes u s e  o f  t h e  well-known method o f  sta- 
t i o n a r y  phase.  The a p p l i c a t i o n  of t h i s  method t o  p u l s e d  s i g n a l s  i s  
c l e a r l y  p r e s e n t e d  i n  Ref. 7. However, a d i r e c t  a p p l i c a t i o n  o f  s t a t i o n -  
a r y  phase t o  t h e  i n t e g r a l  o f  Eq. (27) l e a d s  t o  t h e  same convergence 
d i f f i c u l t i e s  as a r i se  i n  t h e  expans ion  about  t h e  carrier frequency. 
It i s  necessary  t o  make a t r a n s f o r m a t i o n  o f  v a r i a b l e s  which is  equiva-  
l e n t  t o  e x p r e s s i n g  t h e  frequency as a f u n c t i o n  o f  phase ,  i n s t e a d  o f  
v ice  versa. The t r a n s f o r m a t i o n  i n  q u e s t i o n  w a s  i n t r o d u c e d  by Demisov, ( 5) 
b u t  h e  d id  n o t  employ s t a t i o n a r y  phase,  
I n  t h e  i n t e g r a l ,  Eq. ( 2 9 ) ,  a new independent  v a r i a b l e  z i s  i n t r o d u c e d  
d e f i n e d  by t h e  r e l a t i o n  
7 
A s  t h e  v a r i a b l e  u) traverses t h e  i n t e g r a t i o n  p a t h  below t h e  real 
a x i s  i n d i c a t e d  i n  E q .  (29) ,  t h e  v a r i a b l e  z traverses a c o n t o u r  C 
which begins  j u s t  l e f t  of t h e  o r i g i n ,  f o l l o w s  t h e  n e g a t i v e  real  a x i s  
t o  z = -1, t h e n  f o l l o w s  t h e  u n i t  semicircle i n  t h e  upper  h a l f - p l a n e  t o  
z = 1, r e t u r n s  a long  t h e  p o s i t i v e  real  a x i s  t o  t h e  o r i g i n ,  and c l o s e s  
by a small  s e m i c i r c l e  i n  t h e  lower h a l f - p l a n e .  The s i n g u l a r i t i e s  o f  
t h e  in tegrand  a t  w = f w l i e  o u t s i d e  t h e  c o n t o u r  i n  t h e  z -p lane ,  
b u t  t h e  i n t e g r a n d  h a s  an  e s s e n t i a l  s i n g u l a r i t y  a t  z = 0. I n  terms 
0 
of  t h e  v a r i a b l e  z ,  t h e  i n t e g r a l  becomes 
1 1 1 E s ( f o , t )  = zJ J Z 2  - l)dz [ z  u) 0 2 u) 0 + 2 r z + 1  z - 2 - z + 1  2 Z C ul C C -r- + + - 2 - z + l _ l  
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The i n t e g r a n d  h a s  f o u r  p o l e s ,  l o c a t e d  a t  
2 2  
- C 
w ++ - w  
0 0 
C 
- 
W z4 - - z 3  z3 - (38) 
When t h e  a l g e b r a i c  p a r t  of t h e  i n t e g r a n d  i s  expanded i n  p a r t i a l  f r a c -  
t i o n s ,  t h e r e  r e s u l t s  
l l  - 1 - 1 1 1 - z3  z - z  3 E s o  ( f  Y t )  = qrr J dz LZ + + Z + Z  1 C 
i c u  
X exp (--$ [ (t+2T) z + '3 ) 
z (39)  
The case of p r i n c i p a l  i n t e r e s t  i s  u) >> wC,  so z 
0 1 i s  small, and 
z i s  l a r g e .  Also,  T i s  on  t h e  order  of 500-2000 jlsec, w h i l e  t i s  
comparable  t o  t h e  group d e l a y  which i s  a t  most a few microseconds.  
The p a r t  o f  t h e  i n t e g r a l ,  Eq.  ( 3 9 ) ,  which i n v o l v e s  z may e a s i l y  b e  
shown t o  b e  on t h e  o r d e r  o f  ( t / 2 7 )  z , which i s  less t h a n  .01 f o r  
a l l  cases o f  i n t e r e s t .  
3 
3 
f -1 
3 
To p r o v i d e  a c o n s i s t e n t  i n t e r p r e t a t i o n  of  t h e  t r a n s f o r m a t i o n  
f r o m  t h e  a - p l a n e  t o  t h e  z - p l a n e ,  the parameter  z 
s i d e r e d  as having  a s m a l l  n e g a t i v e  imaginary p a r t .  
of t h e  i n t e g r a n d  are a t  z and - z  where t h e  complex c o n j u g a t e  i n  
t h e  second s i n g u l a r i t y  keeps  it i n  t h e  lower h a l f - p l a n e .  
now has no s i n g u l a r i t i e s  i n  t h e  upper h a l f - p l a n e  e x c e p t  a t  t h e  o r i g i n .  
should  be con- 1 
The s i n g u l a r i t i e s  
* 
1 1' 
The i n t e g r a n d  
22 I 
The contour  C may be expanded t o  t h e  e n t i r e  r e a l  a x i s  i n d e n t e d  down I 
I 
I a t  t h e  o r i g i n ,  and a l a r g e  semicircle i n  t h e  upper h a l f - p l a n e .  The l a t -  
ter  makes no c o n t r i b u t i o n  t o  t h e  i n t e g r a l .  The c o n t r i b u t i o n  t o  t h e  i n -  
* 
t e g r a l  from t h e  term i n v o l v i n g  -z  may b e  shown t o  b e  t h e  complex con- 
j u g a t e  o f  t h e  c o n t r i b u t i o n  from t h e  term i n  z from which i s  d e r i v e d  
1 
1 '  
m 
i w  
E s ( f o , t )  = 5 R e  s z "z, exp (+ [ ( t+27)z + ] ) 
To t h i s  p o i n t  t h e  a n a l y s i s  does n o t  d i f f e r  s i g n i f i c a n t l y  from 
t h a t  of  R e f .  5 .  The method o f  s t a t i o n a r y  phase  i s  now t o  b e  a p p l i e d  
t o  t h e  i n t e g r a l  i n  Eq.  ( 4 0 ) .  The a n a l y s i s  i s  compl ica ted  by t h e  
presence  of  t h e  p o l e  of t h e  i n t e g r a n d  a t  z = 
c a r e f u l  t r e a t m e n t  of t h e  r e s p e c t i v e  p o s i t i o n s  i n  t h e  complex p l a n e  
of t h e  p o l e  and t h e  s a d d l e  p o i n t s  o f  t h e  i n t e g r a n d .  L e t  
which r e q u i r e s  a zl ,  
' 3  g ( z )  = f [(t+2T)Z + 1 
u1 
The d e r i v a t i v e  o f  t h i s  i s  
which v a n i s h e s  a t  t h e  two p o i n t s  
The second d e r i v a t i v e  of  g ,  e v a l u a t e d  a t  f z becomes 
0' 
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and t h e  v a l u e  o f  g i t s e l f  a t  t h e  saddle  p o i n t s  i s  
g(* z 0 ) = f QJ C t q t + 2 p  = f I3 ( 4 5 )  
The s t a t i o n a r y  phase  technique  now r e p l a c e s  g ( z )  by i t s  expansion 
t o  second-order terms around t h e  two s a d d l e  p o i n t s  * z . For t h i s  
approximat ion  t o  b e  r e a s o n a b l e ,  t h e  t h i r d - o r d e r  terms must make a 
n e g l i g i b l e  c o n t r i b u t i o n  when t h e  second-order  terms a r e  a l r e a d y  
r a p i d l y  vary ing .  Thus, keeping  t h i r d - o r d e r  terms, t h e  expans ion  
around z i s  
0 
0 
and t h e r e  i s  a cor responding  expansion around - z  . The e f f e c t i v e  range 
of  t h e  second-order  terms w i l l  b e  def ined  by 
0 
A t  t h i s  v a l u e  of  z ,  a f t e r  much s i m p l i f i c a t i o n ,  t h e  t h i r d - o r d e r  con- 
t r i b u t i o n  t o  g(z)  i s  
When t i s  mall  compared t o  T, P may b e  e x p r e s s e d  as 
24 
where t i s  i n  microseconds.  
g r e a t e r  t han  10 f o r  t g r e a t e r  t han  .02 psec .  Thus, t h e  t h i r d - o r d e r  
For  t h e  smallest l i s t e d  v a l u e  o f  I ,  $ is 
3 
c o n t r i b u t i o n  t o  g may be n e g l e c t e d  e x c e p t  i n  t h e  very  e a r l y  time 
p e r i o d ,  and t h i s  approximat ion  becomes b e t t e r  f o r  l a r g e r  v a l u e s  o f  I. 
Under t h e  same c o n d i t i o n s ,  t h e  s a d d l e  p o i n t s  a t  f z are s u f f i c i e n t l y  
sepa ra t ed  so t h a t  t h e i r  c o n t r i b u t i o n s  may be added independent ly .  
The re fo re ,  t h e  i n t e g r a l  i n  Eq. (40) i s  approximated by 
0 
L 
OD 
+ e i B  f dz  e 0 z - z1 
T r a n s l a t e  t h e  o r i g i n  o f  t h e  f i r s t  i n t e g r a l  t o  - z  and t h a t  o f  t h e  second 
t o  z . Under t h e  approx ima t ions  a l r e a d y  made, t h e  l i m i t s  may be  ex- 
tended t o  i n f i n i t y .  Thus 
0 
0 
Again under t h e  same approx ima t ions ,  t h e  e x p o n e n t i a l  b e g i n s  t o  o s c i l -  
l a t e  r ap id ly  b e f o r e  t h e  denominator  h a s  changed s i g n i f i c a n t l y  from 
i t s  va lue  a t  t h e  o r i g i n .  I n  t h e  f i r s t  i n t e g r a l  t h e  denominator  may 
be replaced by i t s  v a l u e  a t  t h e  o r i g i n  and removed from under  the 
i n t e g r a t i o n  s ign .  The i n t e g r a l  may t h e n  be e v a l u a t e d ,  and t h e  
25 
r e s u l t i n g  e x p r e s s i o n  shown t o  b e  less t h a n  .01  f o r  a l l  i n t e r e s t i n g  val- 
u e s  o f  t h e  parameters .  It w i l l  t h e r e f o r e  be  neg lec t ed .  However, s i n c e  
z - z may be  
ond i n t e g r a l ,  
1 0  small ,  t h i s  approximat ion  canno t  b e  a p p l i e d  t o  t h e  sec- 
Consequent ly  , i t  remains t o  e v a l u a t e  t h e  e x p r e s s i o n  
This i n t e g r a l  may be e v a l u a t e d  i n  terms of F r e s n e l  i n t e g r a l s .  
F i r s t  make t h e  t r a n s f o r m a t i o n  z = u.  Def ine  a parameter  x by 
t h e  r e l a t i o n  
where x i s  t o  be  g iven  a sma l l  n e g a t i v e  imaginary p a r t .  The real  
p a r t  o f  x i s  p o s i t i v e  f o r  t = 0, v a n i s h e s  a t  t = t 
g 
d e f i n e d  group t i m e  delay) and i s  n e g a t i v e  f o r  t > t 
d e l a y  t 
i t  c o r r e s p o n d s  t o  t h a t  t i m e  a t  which t h e  p o l e  and s a d d l e  p o i n t  o f  
t h e  i n t e g r a l ,  Eq. ( 4 0 ) ,  are c l o s e s t  t o g e t h e r .  The i n t e g r a l  now 
( t h e  p r e v i o u s l y  
The group t i m e  
g ' 
now r e c e i v e s  t h e  i n t e r e s t i n g  p h y s i c a l  i n t e r p r e t a t i o n  t h a t  
g 
t a k e s  t h e  form 
A f t e r  a l eng thy  sequence o f  t r a n s f o r m a t i o n s ,  Eq. (55) may b e  
b r o u g h t  i n t o  t h e  same f u n c t i o n a l  form as G i n z b u r g ' s  r e s u l t ,  Eq. (30) ,  
b u t  t h e  argument o f  t h e  F r e s n e l  i n t e g r a l  i n  Eq. (56) i s  n o t  t h e  same 
as t h a t  i n  Eq. (30). Comparing the  arguments  
26 
These e x p r e s s i o n s  bo th  v a n i s h  a t  t = t and have t h e  same s l o p e  
g 
t h e r e ,  However, u s e  o f  Eq. (58) i n  t h e  argument o f  t h e  F r e s n e l  
i n t e g r a l  leads t o  a b e t t e r  treatment o f  t h e  p r e c u r s o r  wave than  does  
Eq. (57). A t  t = 0 ,  Eq. (56) a c t u a l l y  goes  t o  z e r o ,  w h i l e  Eq. (30) 
tends t o  a small b u t  f i n i t e  va lue .  Equa t ion  (56) i s  r e a l l y  n o t  a 
c o r r e c t  r e d u c t i o n  o f  Eq. (55) because  t h e  real p a r t  h a s  n o t  been 
t aken  c o r r e c t l y .  However, t h e  ampl i tude  o f  t h e  c o e f f i c i e n t  o f  
s i n  [ w  t - cp(UO)] i n  Eq. (56) e q u a l s  t h e  ampl i tude  o f  t h e  combina t ion  
o f  s i n  and cos  which r e s u l t s  when Eq. (55) is  reduced c o r r e c t l y .  I n  
d e r i v i n g  Eq. (56) from Eq. ( 5 5 ) ,  t h e  symmetry p r o p e r t i e s  o f  t h e  
F r e s n e l  i n t e g r a l s  have been employed [C(x) = - C(-x) ,  S(x)  = - S(-x)].  
The e q u a l i t y  o f  ampl i tudes  o f  Eqs. (56) and (55) depends on  z b e i n g  
real, which means t h e  imaginary  p a r t  o f  cll 
ze ro .  
0 
h a s  been al lowed t o  become 
0 
The group t i m e  d e l a y  t may b e  w r i t t e n  i n  terms of  t h e  pa rame te r  
g 
I as 
4 3 2 t g ( p s e c )  = -j x 10 I/%Hz (59) 
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The parameter  I ,  which i s  p r o p o r t i o n a l  t o  t h e  number o f  e l e c t r o n s  
a long  t h e  p a t h  from t r a n s m i t t e r  t o  r e c e i v e r ,  should be  m u l t i p l i e d  
by t h e  s e c a n t  of  t h e  z e n i t h  a n g l e  o f  t h i s  p a t h .  For ground s t a t i o n s  
i n  teniperate l a t i t u d e s  and s a t e l l i t e s  i n  synchronous e q u a t o r i a l  
o r b i t ,  t h i s  f a c t o r  i s  t y p i c a l l y  between 2 and 3. T h e r e f o r e ,  under 
s o l a r  minimum c o n d i t i o n s ,  t h e  d i u r n a l ,  s e a s o n a l ,  and o b s e r v a t i o n  
a n g l e  range  of  I i s  from 6 t o  48 .  Under s o l a r  maximum c o n d i t i o n s ,  
t h e  range  i s  from 16  t o  240. 
F i g u r e  1, t h e  graph of  Ginzburg ' s  r e s u l t ,  i s  p l o t t e d  a g a i n s t  
t h e  u n i v e r s a l  v a r i a b l e  ( t - t g ) / w .  
-x  would be  i d e n t i c a l  w i t h  F ig .  1. However, t h e  v a r i a b l e  x canno t  
A graph  of  E q .  (56) a g a i n s t  
be  expres sed  s o l e l y  i n  terms of the  t i m e  d i f f e r e n c e  t - t so t h e r e  
i s  no conven ien t  p l o t  of  E q .  (56) a g a i n s t  a s u i t a b l y  r e fe renced  
g' 
and s c a l e d  t i m e .  T h e r e f o r e ,  a set o f  g raphs  has  been drawn t o  
c o v e r  many of t h e  cases o f  i n t e r e s t ,  and t h e s e  g raphs  of  t h e  o u t p u t  
a g a i n s t  t - t are p r e s e n t e d  i n  Figs.  2-13. Rec tangu la r  and raised 
c o s i n e  p u l s e s  are t r e a t e d  under s o l a r  maximum and s o l a r  minimum 
g 
c o n d i t i o n s .  Pa rame te r  values chosen were; (a) carr ier  frequency 
300 MHz, p u l s e  wid th  0 .1  p s e c ;  (b)  1 G H z ,  0.05 P s e c ;  ( c )  5 GHz,  
0.01 Psec .  
-k 
The c a l c u l a t i o n s  were performed u s i n g  JOSS. 
The f i g u r e s  a l l  d i s p l a y  an o s c i l l a t o r y  p r e c u r s o r  and an  extended 
t a i l .  For t h e  r e c t a n g u l a r  p u l s e s ,  t h e r e  i s  a h igh- f requency  o s c i l -  
l a t i o n  on the t o p  o f  t h e  p u l s e ,  which can  b e  e l i m i n a t e d  by a r e c e i v e r .  
* 
JOSS is t h e  t rademark and s e r v i c e  mark o f  The RAND Corpora t ion  
f o r  i t s  on-line, t ime-shared  computer program and services u s i n g  t h a t  
program. 
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Fig.2-Distortion of a 300 MHz, a1 psec rectangular pulse at solar maximum 
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Fig.3-Distortion of a 300 MHz, a1 +ec rectangular pulse at solar minimum 
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Fig.4-Distortion d a 300 MHz, a1 psec raised cosine pulse at solar maximum 
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Fig.5-Distortion of a 300 MHr, Q 1  psec raised cosine pulse at solar minimum 
30 
1.4 
1.2 
1 .a 
0.8 
0.6 
0.4 
0.2 
C 
1 .4  
I . 2  
1 .c 
0.8  
0.6 
0.4 
0.: 
1 
TIME (pSEC) 
Fig.6-Distortion of a 1 GHz, 0.05 psec rectangular pulse at solar maximum 
T 
RECTANGULAR PULSE 
CARRIER FREQUENCY - 1 GHz 
PULSE WIDTH - .05 pSEC 
SOLAR MINIMUM 
WINTER NIGHT - 1  = 6  
WINTER DAY - I =48 --- 
I 
I 
TIME (cSEC) 
Fig. 7-Oistortion of a 1 GHz, 0.05 psec rectangular pulse at solar minimum 
5 
31 
\. 
\ 
\ 
\ 
0 
TIME (pSEC) 
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However, t h e  long  t a i l s  can  cause  a system t o  r ega rd  a p u l s e  as  
p r e s e n t  when i t  i s  a c t u a l l y  absen t .  
The f i g u r e s  show t h a t  t h e  300 MHz , 0 . 1  p s e c  p u l s e  i s  ve ry  
seve re ly  s t r e t c h e d  under  w i n t e r  day c o n d i t i o n s .  The 1 GHz, 
0.05 p s e c  p u l s e  i s  b o r d e r l i n e ,  and t h e  5 GHz, 0 . 0 1  p s e c  p u l s e  
Seems a c c e p t a b l e .  
va lues  of a above 8 p r o v i d e  good p u l s e  t r a n s m i s s i o n ,  v a l u e s  between 
3 and 8 a r e  b o r d e r l i n e ,  and v a l u e s  below 3 are bad. (The h i g h l y  
e longated  p u l s e s  of F igs .  2 and 4 have a = 1.0.) 
I n  terms o f  G inzburg ' s  parameter  TI- = a ,  
0 
A c a r e f u l  comparison between t h e  theo ry  o f  Ginzburg and t h e  
results d e p i c t e d  i n  F igs .  2-13 shows t h a t  t h e  minimum a c c e p t a b l e  
pu l se  wid th  i s  g iven  by abou t  t h e  same v a l u e  i n  each  theory .  The 
f i n e  s t r u c t u r e  on top  of  t h e  p u l s e  d i f f e r s ,  b u t  t h i s  i s  seldom i m -  
po r t an t .  The u s e  o f  Eq. (56) t o  t r e a t  t h e  p r e c u r s o r  p e r m i t s  ex t en -  
s i o n  o f  t h e  p r e v i o u s  theo ry  (Eq. (30))  t o  c i r c u m s t a n c e s  under  which 
Eq. (30) i s  n o t  v a l i d .  
I t  may be concluded t h a t  t h e  s h o r t e s t  a c c e p t a b l e  p u l s e  wid th  
which may b e  employed i n  a pu l sed  communication system between e a r t h  
and a s a t e l l i t e  i s  g i v e n  by e q u a t i n g  p u l s e  wid th  and r ise  t i m e ,  and 
i s  approximately 
( 60) 
T(nsec)  = 4 Ill2 [f(GHz)] - 312 
where t h e  q u a n t i t y  I i s  t h e  number o f  e l e c t r o n s  p e r  s q u a r e  meter 
a long  t h e  p a t h  i n  u n i t s  of  10 , 
so I l l2  i s  between 2.5 and 16. 
16  
I n  p r a c t i c e  I i s  between 6 and 240, 
Thus,  a t  1 G H Z ,  t h e  s h o r t e s t  p o s s i b l e  
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p u l s e  wid th  ranges  from 10 nsec  ( s o l a r  minimum, n i g h t )  t o  about  
60 nsec  ( s o l a r  maximum, w i n t e r  day).  A t  5 GHz t h e s e  become between 
1 and 6 n s e c ,  p e r m i t t i n g  v e r y  h igh  d a t a  rates.  
Another i m p o r t a n t  e f f e c t  i s  t h e  o v e r a l l  d i s p l a c e m e n t  o f  t h e  
p u l s e s .  I f  I = 240,  t h e  group d e l a y  a t  1000 MHz is . 3 2  p s e c ,  w h i l e  
a t  1080 MHz i t  is ,274 p s e c .  Thus, i f  a r a i s e d  c o s i n e  p u l s e  o f  wid th  
.05 p s e c  were t r a n s m i t t e d  a t  1000 MHz, immediately followed by a 
.05 p s e c  p u l s e  a t  1080 MHz, t h e  two p u l s e s  would a r r i v e  a t  t h e  re- 
ceiver a lmost  s i m u l t a n e o u s l y .  Each d i s t o r t e d  p u l s e  can  p u t  a p p r e c i a b l e  
energy  i n t o  t h e  receiver des igned  t o  a c c e p t  t h e  o t h e r .  T h i s  condi-  
t i o n  might  r e q u i r e  a d e l a y  compensator t o  b e  b u i l t  i n t o  each channel  
o f  a m u l t i c h a n n e l  p u l s e  code modulat ion system. 
e n t i a l  d e l a y  between c h a n n e l s  i s  p r o p o r t i o n a l  t o  I ,  and hence may 
v a r y  by a f a c t o r  o f  10-20 d u r i n g  t h e  d a y ,  a v a r i a b l e  d e l a y  compen- 
s a t o r  may b e  n e c e s s a r y .  
S ince  t h e  d i f f e r -  
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Appendix 
THE EPSTEIN LAYER 
The symmetr ical  E p s t e i n  l a y e r  (13) r e p r e s e n t s  what i s  most 
l i k e l y  t h e  s i m p l e s t  form of e l e c t r o n  d e n s i t y  p r o f i l e  which c o n t a i n s  
no d i s c o n t i n u i t i e s ,  t e n d s  t o  z e r o  both  above and below, and can  b e  
solved i n  terms o f  known f u n c t i o n s .  The f u n c t i o n a l  form for t h e  
e l e c t r o n  d e n s i t y  i s  
Upon w r i t i n g  e(z,w) = F(z,w) exp - i k z ,  t h e  wave e q u a t i o n  (3) t a k e s  
t h e  form 
In t roduce  a new independent  v a r i a b l e  x by t h e  r e l a t i o n  
1 
z /H 
x =  
l + e  
and new parameters  K = kH, KO = k H. 
much s i m p l i f i c a t i o n  
Then Eq. (A-2) becomes, a f t e r  
0 
d 2 + (1+2iK-2x) - - 4K N ] F(x,w) = 0 dx 0 0  dx 
The boundary c o n d i t i o n s  become 
F + e i [ l + R ( l - ~ ) ~ ~ ~ ]  x -  1 
(A- 3) 
(A- 4) 
F ‘ e T  x - 0  
i 
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The d i f f e r e n t i a l  e q u a t i o n  (A-4) i s  i n  t h e  s t a n d a r d  form f o r  t h e  
-le 
hypergeometr ic  f u n c t i o n .  I n t r o d u c e  a parameter y by 
Y =  d- 0 0  
For  a l l  c a s e s  o f  p h y s i c a l  i n t e r e s t  y i s  real .  Then t h e  g e n e r a l  so- 
l u t i o n  of Eq. (A-4) may be w r i t t e n  In  t h e  f o m  
(A- 7) 
Here A and B are c o n s t a n t s .  The second term i n  Eq. (A-8) r e p r e s e n t s  
an incoming wave a t  z = m(x = 0) ;  t h u s  t h e  c o n s t a n t s  a r e  determined 
from Eq. (A-6) as A = T, B = 0. Applying t h e  connec t ion  formulas  f o r  
t h e  hypergeometr ic  f u n c t i o n  y i e l d s  
7k7k 
F = e . T  
1 - 
r ( 2 i ~ ) ~ ( i + 2 i ~ ) ~ ~ ~ ( +  + i y ,  5 1 - i y ,  1 - 2iKJ 1 - x) . b 
r-(+ + 2 i K  + iy)r(+ + 2iK - iy )  
(A-9) 
(-2iK)T (1+2iK)x - 2iK (1-x) 2iK2F1(t + i y  , - 1 - i y ,  1 + 2iK 1 - 
2 + 
r($ + iy>(+ - iy )  
Applying t h e  boundary c o n d i t i o n  Eq. (A- 5) e x p r e s s e s  t h e  t r a n s m i s s i o n  
c o e f f i c i e n t  T as 
I?($ + 2 i K  + iy)T(+ + 2iK - i y )  
r (2 iK)r  ( 1 + 2 i ~ )  T =  (A- 10) 
The r e f l e c t i o n  c o e f f i c i e n t  R may a l s o  be de te rmined  b u t  i t  w i l l  n o t  
b e  needed. 
* 
Reference  31, p .  562. * 
Reference  31, p .  563. 
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It w i l l  f i r s t  b e  shown t h a t  T r educes  t o  t h e  form o f  Eq. (11) 
JC 
f o r  k s u f f i c i e n t l y  l a r g e .  For t h i s ,  u se  t h e  a sympto t i c  formula 
(A- 11) 1 l +  5 
1 1 1 log r - ( z  - log - + - log m + - -  
3602~ 12602 2 122 
which i s  c o r r e c t  t o  i n v e r s e  s i x t h  powers o f  z. For k s u f f i c i e n t l y  
l a r g e ,  K = kH i s  l a r g e  compared t o  e i t h e r  1 o r  y. The expans ion  
(A-11) may be a p p l i e d  t o  each  gamma-function f a c t o r  i n  Eq. ( A - l o ) ,  
and then  t h e  r e s u l t  may b e  f u r t h e r  expanded i n  i n v e r s e  powers o f  
Y/K and 1 / K .  A l l  terms i n v o l v i n g  p o s i t i v e  powers 
The r e s u l t  of t h e  l a b o r i o u s  s i m p l i f i c a t i o n s  i s  
4 2  i koNoH 6 3  i k N H  
k3  
2 
+ 2i koNoH 1 0 0 + -  k l o g  T -, 
of  K drop  ou t .  
4 2  i koNo 
6 0 ~ k  
(A- 12) 
The terms c o n t r i b u t i n g  n e g a t i v e  even powers o f  k a l l  c a n c e l .  
The f i r s t  t h r e e  terms of t h i s  e x p r e s s i o n  may b e  i d e n t i f i e d  as t h e  
f i r s t  t h r e e  terms i n  t h e  expans ion  o f  t h e  f i r s t  i n t e g r a l  i n  t h e  
exponent o f  Eq. ( l l ) ,  w h i l e  t h e  f o u r t h  t e r m  co r re sponds  t o  t h e  second 
i n t e g r a l  i n  Eq. (11) when Eq.  (A-1) i s  s u b s t i t u t e d  f o r  N. Thus, t h e  
asymptot ic  expans ions  of t h e  approximate  s o l u t i o n  o f  Eq. (10) and t h e  
e x a c t  s o l u t i o n  of  Eq. (A-10) a g r e e  t o  f i f t h - o r d e r  terms. Q u a n t i t i e s  
neg lec t ed  i n  Eq. (A-11)  and ensu ing  expans ions  are less t h a n  .001 f o r  
z = 1, which co r re sponds  t o  f r e q u e n c i e s  f a r  below t h e  r e g i o n  of 
i n t e r e s t .  
The ampl i tude  of t h e  t r a n s m i s s i o n  c o e f f i c i e n t  T may b e  expres sed  
e x a c t l y  by t h e  r e l a t i o n  
k 
Reference  31, p. 257. 
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1 lj!j (cosh 4nK + cosh B y )  
A t  h i g h  f r e q u e n c i e s ,  t h i s  i s  approximately 
(A-13) 
(A- 14) - 4 n K  IT(W) 1 + 1 - cosh 2rry e 
and t h u s  t h e  ampl i tude  of  t h e  t r a n s m i s s i o n  c o e f f i c i e n t  t e n d s  ex- 
p o n e n t i a l l y  t o  u n i t y .  This e x p l a i n s  why t h e  real terms i n  t h e  asymp- 
t o t i c  expansion drop o u t .  It  may be expec ted  t h a t  t h i s  r e s u l t  i s  
g e n e r a l l y  t r u e  f o r  e l e c t r o n  d e n s i t y  p r o f i l e s  which are cont inuous ,  
have c o n t i n u o u s  d e r i v a t i v e s ,  and tend e x p o n e n t i a l l y  t o  zero  f a r  
above and f a r  below t h e  maximum. 
While t h e  i n c i d e n t  car r ie r  p u l s e  problem cannot  be solved 
e x a c t l y  w i t h  t h e  e l e c t r o n  d i s t r i b u t i o n  Eq. (A-1) it i s  p o s s i b l e  
to  s o l v e  f o r  t h e  6 - f u n c t i o n  response.  This i s  t h e  F o u r i e r  t r a n s f o r m  
of  T(u)), o r  
m 
1 iat  E 6 ( t )  = - J da e m T(W) 
and r e p r e s e n t s  t h e  s o l u t i o n  when E (-a,t) = 6 (t).  The i n t e g r a l  i 
becomes 
OD 
i K c t / H  r(i + iyt2iK)r($ - lyt2iK) 
r (2iK)T ( 1+2iK) E d ( t )  = - -  l C  S d K e  m H  
-OD 
(A- 15) 
(A- 16) 
J , . , . I e-., -W 
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- 
- [ c t / 2H( n+l /  2+iy) 1 W 
(- 1)  r (-n- 2 iy)  e 
E 6 ( t )  = 6 ( t )  + r ( - n - T - i y ) r ( - n + T  1 1 - i y )  
- [ c t /2H( n+ 1/2-  i y )  ] 
r(-n+2 i y )  e 
r ( - n  -+  + iy)r(-n +:+ 1 iy) i+ 0 - 
The i n t e g r a l  i n  Eq. (A-17) i s  convergent .  
a t  112 f i y  + 2iK = - n ,  where n i s  a p o s i t i v e  i n t e g e r ,  o r  e q u i v a l e n t l y  
The i n t e g r a n d  h a s  p o l e s  
(A- 19) 
1 K n = ~ T y + i ( ; n + + )  (A- 18) 
These a l l  l i e  i n  t h e  upper  h a l f - p l a n e .  
these  p o l e s  y i e l d s  
E v a l u a t i n g  t h e  r e s i d u e s  a t  
J( 
Use of t h e  r e f l e c t i o n  formula 
enables  t h e  ser ies  t o  b e  w r i t t e n  as 
This  i s  a hypergeometr ic  f u n c t i o n ,  y i e l d i n g  
F ( + i y  ,$ +iy  ,1+2iy ,e-[ct’2H’) - [ c t /  2H ( 1/ 2+iy) ] 2 1 2  x e  
(A- 20) 
(A- 21) 
(A- 22) 
T h i s  hypergeometr ic  f u n c t i o n  may b e  i d e n t i f i e d  as a Legendre f u n c t i o n .  
A f t e r  many horrendous  d e t a i l s ,  t h e r e  r e s u l t s  
k 
Reference 31, p. 256. 
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It fo l lows  t h a t  f o r  a g e n e r a l  i npu t  f u n c t i o n  E . ( t ) ,  t h e  o u t p u t  
1 
i s  g iven  by 
(A-23) 
(A- 24) 
I n  t h e  c a s e  of p r i n c i p a l  i n t e r e s t ,  the argument of t h e  Legendre func- 
t i o n  i s  c l o s e  t o  one ,  w h i l e  i t s  o r d e r  i s  l a r g e .  T h i s  i s  t h e  t r a n s i -  
t i o n a l  r eg ion  i n  which t h e  Legendre f u n c t i o n  i s  r e p r e s e n t e d  by an 
expans ion  i n  Bessel f u n c t i o n s .  The r e s u l t i n g  expans ion  i s  very  
s imilar  t o  t h e  co r re spond ing  r e p r e s e n t a t i o n  f o r  a s l a b ,  and t h e r e  
seems l i t t l e  p o i n t  t o  c a r r y i n g  t h e  a n a l y s i s  f u r t h e r .  
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